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Abstract:
An M/M/1 retrial queue with constant retrial policy is discussed. The system is modelled as a level-independent quasi-

birth-and-death (OBD) process and its infinitesimal generator matrix is obtained. The stability condition JA+u<uv is
derived from the mean drift condition. The rate matrix R of the matrix-geometric method is obtained in closed form, and
from it the limiting probabilities of the system are calculated explicitly. Several performance measures, such as the mean
orbit size, the mean system size, the mean waiting times and the expected number of retrials, are derived. The analytical
results are verified numerically and by simulation, and the effect of the system parameters is illustrated through tables

and graphs.
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Introduction

If a person obtains a busy signal when trying to call another over the phone, he repeats his attempt until the connection is
made, or until the expiration of a specified time. If the line is busy, he cannot wait for service; so he puts down the phone
and tries again later. Thus the flow of calls in a telephone network consists of two parts: (i) the flow of primary calls, and
(ii) the flow of repeated calls. A customer who fails in his first attempt becomes a source of repeated trials. Queues of
this type are termed retrial queues. They have applications in telephone and communication networks, the internet,
aircraft landing, and everyday queues such as that of shoppers who leave a long line and return after some time, when the
queue may be shorter.

Retrial queues have been studied extensively; comprehensive accounts are available in the surveys of Falin [1] and Kim
and Kim [2], the monographs of Falin and Templeton [3] and Artalejo and Goémez-Corral [4], and the classified
bibliographies of Artalejo [5, 6]. A comparison between standard and retrial queueing systems is given in [7].

In the classical retrial policy each customer in the orbit retries independently of the others, so that the total retrial rate is
NY when there are N customers in the orbit. In the constant retrial policy the retrial rate is 4 whenever the orbit is non-
empty, independently of the number of customers in it. This policy was introduced by Fayolle [8] in the study of a
telephone exchange in which only the customer at the head of the orbit can retry, and was studied by Farahmand [9]
under the name “queue with repeated demands”. It arises naturally in random-access protocols such as CSMA/CD [10],
and it has been analysed for retrial control policies [11], for the M/M/2 queue [12], for M/M/r/r + d queues [13], for
single-server queues with general retrial times [14, 15], and for multiserver queues [16].

Matrix-analytic methods [17, 18, 19] are a natural tool for retrial queues; see the bibliographical guide of Gémez-Corral
[20]. Under the classical policy the underlying Markov chain is level-dependent, and generating functions are usually
employed. Under the constant policy the chain is a level-independent QBD process, so the matrix-geometric method
applies directly.

Consider a single server queueing system in which customers arrive according to a Poisson process with rate A. These
customers are called primary customers. If the server is idle at the arrival of a primary customer, the arriving customer
begins to be served immediately and leaves the system after service completion. Otherwise, if the server is busy, the
arriving customer leaves the service area and joins a pool of unsatisfied customers called the orbit. The orbit as a whole
generates retrials according to a Poisson process with intensity 4 whenever it is non-empty. The service times of both
primary and retrial customers are exponentially distributed with rate v.

At time t, let N(t) be the number of customers in the orbit and C(t) the server status,

Cet) = {1, if the server is busy,
|0, iftheserverisidle.

The process (C(t), N(t)) describes the number of customers in the system in the simplest way, and it is the most
important process associated with this queueing system. When the service time distribution is not exponential, this
process is not Markov.

In this paper we consider the constant retrial policy, in which retrial is level independent, i.e. the retrial rate does not
depend on the number of customers in the orbit. We find the infinitesimal generator matrix, obtain the rate matrix R
explicitly, and compute the limiting probabilities and the main performance measures from it.

2. Model Description

The queueing process evolves in the following manner. Suppose that the (i — 1)th customer completes his service at the
epoch tji_; and the server becomes free. Even if there are customers in the orbit who want service, they cannot occupy the
server immediately, because they do not know the server state. So the next (ith) customer enters the server only after a
time interval R; during which the server is idle. If the number of orbital customers at the epoch tj_; is n, the random
variable R; has an exponential distribution with parameter A + p if n = 1, and parameter A if n = 0. When n = 1, the ith

customer is a primary customer with probability pwen and an orbital customer with probability ﬁ At the epoch & =
ti_; +R;, the ith customer starts his service, which continues for a time S;  exp(v). All primary customers arriving
during the service time join the orbit; retrials made during this time are unsuccessful and do not change the state of the
system. At the epoch t; = §; + S; the ith customer completes his service and the server becomes free again.

Since the inter-arrival, retrial and service times are exponential, the process {(C(t), N(t)), t = 0} is a continuous-time

Markov chain with state space {0,1} % {0,1,2,...}. We call {(0,n), (1,n)} the nth level.

3. Infinitesimal Generator Matrix
The transitions of the Markov chain {(C(t), N(t)), t +} are as follows. From (0, n): a primary arrival leads to (1,n)
at rate A, and, if n = 1, a successful retrial leads to (1,n — 1) at rate . From (1,n): a service completion leads to (0, n)

at rate v, and a primary arrival joins the orbit, leading to (1,n + 1) at rate A. Hence the generator, with states ordered
(0,0),(1,0),(0,1),(12),...,1s
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(0,0) (1,0 (0,1) (11) 0,2) (1,2 (0,3)
(0,0) —A A 0 0 0 0 0
(1,0 Y —(A 0 A 0 0 0
+V)
(01) 0 M - (A A 0 0 0
+ 1)
(11) 0 0 Y - (A 0 A 0
+V)
0,2 0 0 0 J -(A A 0
+ 1)
(1,2) 0 0 0 0 Y -(A 0
+V)
In block form,
B, Ab, O O
_[A2 AL Ap O
Q= 0O A, A A ' @

where

- oy A
Bl:(v}\ —O\}\+V))’ AO:(g 2) Al:( (V+”) —()\+v)>’ Azz(g g)

Since the blocks do not depend on the level n, Q is the generator of a level-independent QBD process [17, 18].

4. Stability Condition
Let T = (Tp, 1) be the stationary probability vector of the generator

A=A +A +A, = (_ O\V+ U) )\:—Vu)y

which describes the server status when the orbit is far from empty. Then TA = 0 and e = 1, where € is a column vector
of ones; that is,
—Tg(A+p) + v =0, My +m =1

A A . .
Hence m; = %ﬂo, so that Ty [% + 1] = 1, which gives

Y A+p

o=y u+v T Arp+v

By the mean drift condition [17, 18], the QBD process is positive recurrent if and only if TAge < A€, i.e.

(Mo, 1) (8 g) (D < (Tp, 1) (8 g) G),

so that ATy < T, i.e. A )\i:iv <y H:W. Therefore the system is stable if and only if
. AN+
A+ ) < pv, equivalently  o: TR <1 2

Writing p = A/V, the condition is p < ﬁ, which agrees with the result of Fayolle [8].

Remark 1. Since ﬁ < 1, condition (2) is stronger than the condition p < 1 of the standard M/M/1 queue: under the

constant policy the server may remain idle while customers wait in the orbit. As J - oo the condition reduces to p < 1.

5. System State Probabilities
Assume that (2) holds. Let X = (Xg, X1, X2, ...) be the steady state probability vector of the process {(C(t), N(t)):t = 0},
where X, = (X,(0),X,(1)), n = 0,1,2, ..., and X,(¢) = lim;_,P{C(t) = ¢,N(t) = n}. Then XQ = 0 and xe = 1, so that

XoB1 +X1A2 =0, 3)
Xn—1A0 + XpA1 + Xp1Az =0, n=1 4
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By the matrix-geometric theorem [17], X, = XgR", n = 0, where R is the minimal non-negative solution of the matrix
quadratic equation
Aq +RA; + R?A, = 0. (5)

— A+

0 0
Theorem 1. Under condition (2), the rate matrix is R = (A ), ,and R"=0""1IR for n=1. The

(0)
u
spectral radius of Ris 0 < 1.
Proof. The first row of Ay is zero, which corresponds to the fact that the level can increase only from a state in which the

server is busy. Hence the first row of R is zero [17], and we may write R = (2 g) with a,b = 0. Then R? =
0 0)_ .
(ab bz) = bR, and the second row of (5) gives

—a(A+p)+bv =0,
A+al—bQA+v)+aby =0.

The first equation gives a = ):_—v”. Substituting in the second equation and multiplying by A + ,

pv b? — [AQA + p) + uv]b + AA + ) =0,

that is, (b — 1)(pvb —AA+ u)) = 0. The two roots are b = 1 and b = 0, and the minimal non-negative solution is b =
0, since 0 < 1. Thena = — = % Since R? = oR, induction gives R" = 6""'R. The eigenvalues of the triangular matrix

A+p
RareOando. O
Theorem 2. Under condition (2), the limiting probabilities are

Xo = (%(0), %(1)) =1 -0)(1, p),
A
% = (0O 0M)=A-00" (Tme),  n=1
where p = AMvand 6 = A(A + p)/(uv).

Proof. The boundary equation (3) with X; = XgR becomes X¢(B; + RA,) = 0. Here RA, = (8 g), SO

—A )\)‘

Bl+RA2:(V -

which gives —=AXp(0) + vXo(1) = 0, i.e. Xo(1) = pXo(0). The normalising conditionis  _,XoR"e = Xo(I — R)“e=1.

Now
1 0 1
(|—R)_1:< A 1 >’ (|_R)—le:< A+ >,
pul—-o0) 1-o u(l—o)

so that x(0) [1 + %} = Xo(0) [1 + %o] = % = 1. Hence Xg(0) =1 — ¢ and Xo(1) = (1 — 0)p. Finally, forn = 1,

Theorem 1 gives X, = XgR" = 6" 1xoR = 0" "X, (1) (%, 0), and p% = ﬁo, which completes the proof. O

Corollary 1.

The probability that the server is busy is  _, Xy (1) = p, and the probability that it is idle is 1 — p.
Given that the server is busy, the orbit size has the geometric distribution PN =nC=1} = (1 —0)c",n = 0.
The distribution of the orbitsize isP{IN=0}=(1—-0)(1+p),P{N=n}=(1—-0)00", n=1,

A AA+p+v)
=——4+p=
where 6 vy STV

6. Performance Measures

Using Theorem 2, the main performance measures of the system are as follows.

Server utilisation: P{C = 1} = p = A/v. By the PASTA property [21], this is also the probability that a primary customer
is blocked and joins the orbit.

Probability that the system is empty: Xo(0) =1 — 0.

Probability that the orbit is empty: Py = (1 — ) (1 + p).

Mean number of customers in the orbit:
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86  NMQA+p+v)
—G_V(pv—)\()\+p))'

L, = n (Xn(o) + Xn(l)) = 1

n=1

Mean number of customers in the system: L = L, + p.

Mean waiting time in the orbit and mean sojourn time (by Little’s law [21]): W, = Lo/A and W = W, + 1/v.

Expected number of retrials per customer. The orbit generates retrials at rate | whenever it is non-empty; those made
while the server is busy are unsuccessful. Hence the mean number of retrials made per customer is

_H@=Po) _p
r_T_X[l 1-0)(@1+p)]

The rate of successful retrials is X, (0) = u(o — p) = Ap, which equals the rate at which customers enter the orbit,

n=1
as 1t must.

2
Remark 2 (The limiting case J - o). AsY - o0, 0 - p,0 - p,and L, - 1pr’ which is the mean queue length L of the

standard M/M/1 queue [21]. This is expected, since with infinitely fast retrials a customer from the orbit occupies the
server as soon as it becomes free.

7. Numerical Illustration

In this section the results are illustrated numerically. Throughout, the service rate is taken as v = 1.

7.0.0.1 Verification.

The closed-form results were checked in three independent ways: (a) the matrix R was computed by the iteration R ~—
(Ao + R?A,)ATY and agreed with Theorem 1 to within 5 x 1071%; (b) the generator was truncated at 600 orbit levels and
the linear system XQ = 0, xe = 1 was solved directly; (c) the system was simulated for 2 x 108 time units. Table 1
shows the agreement (Exact: Theorem 2; CTMC: truncated generator; Sim.: simulation).

Comparison of closed-form, numerical and simulation results (Vv = 1).

exact sim. () () { =1} { =1}
CTMC exact CTMC exact sim.
0.3 1 0.3393 0.3393 0.3379 0.6100 0.6100 0.7000 0.6992
0.5 2 1.1667 1.1667 1.1544 0.3750 0.3750 0.5000 0.5014
0.6 5 1.4488 1.4488 1.4576 0.3280 0.3280 0.4000 0.3996
0.4 0.5 2.1714 2.1714 2.1916 0.2800 0.2800 0.6000 0.5996

7.0.0.2 Effect of the arrival rate.

Table 2 gives the performance measures for 4 = 2 and varying A. Here the stability condition is A < V3 — 1 = 0.732. As
A increases, the probability of an empty system decreases, while Ly, L, W, and W increase, slowly at first and very
sharply as A approaches the stability limit (Figure 1).

Performance measures for varying A (M = 2,V = 1).

Q)
0.1 [ 0.1050 | 0.8950 | 0.9845 | 0.0173 | 0.1173 | 0.1732 | 1.1732 | 0.3100
0.2 | 0.2200 | 0.7800 | 0.9360 | 0.0821 | 0.2821 | 0.4103 | 1.4103 | 0.6400
0.3 1 0.3450 | 0.6550 | 0.8515 | 0.2267 | 0.5267 | 0.7557 | 1.7557 | 0.9900
0.4 | 0.4800 | 0.5200 | 0.7280 | 0.5231 | 0.9231 | 1.3077 | 2.3077 | 1.3600
0.5 1 0.6250 | 0.3750 | 0.5625 | 1.1667 | 1.6667 | 2.3333 | 3.3333 | 1.7500
0.6 | 0.7800 | 0.2200 | 0.3520 | 2.9455 | 3.5455 | 4.9091 | 5.9091 | 2.1600
0.7 1 0.9450 | 0.0550 | 0.0935 | 16.4818 | 17.1818 | 23.5455 | 24.5455 | 2.5900

7.0.0.3 Effect of the retrial rate.
Table 3 gives the performance measures for A = 0.4 and varying [; the system is stable for y > 4/15 = 0.267. As |
increases, Lo, L, W, and W decrease and approach the M/M/1 values (Ly = 0.2667, L = 0.6667, W, = 0.6667, W =
1.6667), while the expected number of retrials per customer increases, because a fast-retrying orbit also makes many
unsuccessful attempts during busy periods (Figure 2). Figure 3 shows the orbit size distribution: smaller retrial rates give
a heavier tail.

Performance measures for varying 4 (A = 0.4, v = 1).

Q)
5 1.0.7200 | 0.2800 | 0.3920 | 2.1714 | 2.5714 | 5.4286 | 6.4286 | 0.7600
0.5600 | 0.4400 | 0.6160 | 0.8727 | 1.2727 | 2.1818 | 3.1818 | 0.9600
0.4800 | 0.5200 | 0.7280 | 0.5231 | 0.9231 | 1.3077 | 2.3077 | 1.3600
0.4533 | 0.5467 | 0.7653 | 0.4293 | 0.8293 | 1.0732 | 2.0732 | 1.7600
0.4320 | 0.5680 | 0.7952 | 0.3606 | 0.7606 | 0.9014 | 1.9014 | 2.5600
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Q)
10 | 0.4160 | 0.5840 | 0.8176 | 0.3123 | 0.7123 | 0.7808 | 1.7808 | 4.5600

50 ]0.4032 | 0.5968 | 0.8355 | 0.2756 | 0.6756 | 0.6890 | 1.6890 | 20.5600
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8. Conclusion

The M/M/1 retrial queue with constant retrial policy has been analysed as a level-independent QBD process. The
stability condition A(A + J) < pv was obtained from the mean drift condition, and the rate matrix R was found in closed
form. Since R has rank one, the limiting probabilities are obtained explicitly: given that the server is busy, the orbit size
is geometric with parameter 0 = A(A + p)/(uv). Explicit expressions for the mean orbit size, the mean system size, the
mean waiting times and the expected number of retrials were derived and verified numerically and by simulation.

M/M/1 retrial queues with the classical retrial policy can be solved using generating functions; the solutions of various
retrial queues by generating functions are discussed in [3]. In that case the generator is level-dependent and the matrix-
geometric method is rather difficult to apply. Under the constant retrial policy, in contrast, the matrix-geometric method
gives the solution directly and in closed form. Extensions to phase-type service times, batch arrivals and multiple servers
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[16] can be treated along the same lines, with R computed numerically.
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