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Abstract

The principle propose of this paper is to give some solutions of Lem(u,n) = 0 mod m and de-
termine the number of ring homomorphisms from Z,, to Z,, as additive groups and as rings by
using elementary results of number theory. We also introduce and investigate some properties
of the class of ring homomorphisms from Z,, to Z,,.
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1 Introduction

Algebraic number theory is a branch of number theory that uses the techniques of abstract
algebra to study the integers, rational numbers, and their generalizations. Number-theoretic
questions are expressed in terms of properties of algebraic objects such as algebraic number
fields and their rings of integers,homomorphisms, finite fields, and function fields. These
properties, such as whether a ring admits unique factorization, the behavior of ideals, and
the Galois groups of fields, can resolve questions of primary importance in number theory, like
the existence of solutions to Diophantine equations. Gallian and James in 1984, [5], studied
and introduced the number of ring homomorphisms from Z, to Z,, as additive groups and
as rings by using elementary results of number theory. In order to determine the number of
homomorphisms, we do not need to assume previous knowledge from group theory or ring
theory, except for the definition of group and ring homomorphism. With respect to number
theory, we use some elementary facts on congruences, which can be found on any introductory
book such as [7]. Also, although our results are basically the same as those in [5, 1], our proofs
are much more basic.
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2 Prelimeries
Definition 2.1. According to Rotman and Joseph [8], a ring R is a triple (R,+, ) consisting

of a non-empty set R together with two binary operations of addition and multiplication such
that

(1) (R,+) is an abelian group.
(2) Multiplication is associative i.e Va,b,c € R, a(b+¢) = ab+ ac and

a(b+ ¢) = ab + ac. The left and right distributive laws respectively.

Definition 2.2. A commutative ring is a ring R in which Va,b € R, ab = ba.

Definition 2.3. A division ring is a ring R with identity and every non zero element is a
unit. A unit is an element r € R that is invertible.

Definition 2.4. An ideal of a ring R is a subring I such that r € R and a € I, ar, ra € I.
It is a left (right) ideal if ra € I(ar € I) for allr € Ra €T

Definition 2.5. Mazimal ideal I of a ring R is an ideal that is not properly contained in any
other ideal of R. If J is another ideal of R, then JCICR, J=1orI=J.

Definition 2.6. A principal ideal is an ideal generated by a single element.

Definition 2.7. Let R and S be rings, a ring homomorphism is a mapping ¢ : R — S such
that Yri,79 € R, ¢(r1 +12) = ¢(r1) + ¢(r2) and ¢(rira)d(r1)d(r2). A monomorphism is a
homomorphism that is injective (one to one).

An epimorphism is a homomorphism that is surjective (onto). An isomorphism is a bijective
homomorphism (both one to one and onto). An endomorphism is a homomorphism from a
ring R into a ring itself ¢ : R — R The kernel of a homomorphism ¢ : R — S | denoted ker
¢ is the set of elements of R mapped onto the identity element of S by ¢, [9].

3 Some solutions of lcm(u,n) =0 mod m

In the section we will to find the solutions of lecm(u,n) = 0 mod m. Suppose lem(u,n) =
0 mod m. Since m lem(u,n), then

& mllem(—"—,n)
m un < mllem ged(m,m)’ ™
That means
l - ged )
e cdtm ) 9N ey ™™
Therefore, the solutions given by:
m
— qged ) -
u= gedtm ) 9N ety ™ T
where y
0 <T < gc (m7n)

< ng(gcdz?r;le) . gcd(gcdg;‘%n),n), n)

and n,m any number in N.

Lemma 3.1. The solution of lem(u,n) = 0 mod m is given by

n)-r

m m

el )

U7 ged(m, )
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where )
0<r< __gedmn) _
9ed(Gegimmy ~ 9¢ gegimy 1) )

and n,m any number in N .

Example 3.2. The solution of lem(u,12) = 0 mod 30 is given by

30 30

S 12 — 2  VY—p.5.1=
ged(30,12)) ¢ gy = TR L=

u=r-(

where 0 < r < %. Therefore, the solutions are {0,5,10,15,20,25,30}.

Example 3.3. To solve lem(u,30) = 0 mod 140, note that 30u = 0 mod 140. It clearly

u = 14,then 14 is a solution. But is not solution of lem(u,30) = 0 mod 140. This will make
it easter for us in the next sections.

140 140

. Y 142229
ged(30,140)) 9<% im0 a0y = 8

u=r-(

where 7 < %.Therefom, The solutions are {0,28,56,84,20,112,140}.

Example 3.4. The solution of lem(u,12) = 0 mod 28 is given by k = m -ged(7,12) =
7. Hence, 0 < r < 4 Therefore, The solutions are{0,7,14,21,28}.

Now let ¢ : Z,, — Z,, be a ring homomorphism and it is clear that ¢ is a group homomorphism
such that ¢(z) = ux,u € Z,,. So we will show the following.

Theorem 3.5. The mapping is ¢y, : Zn — Zm such that ¢ (z) = ux 1 u € Zp, is a ring
homomorphism if and only if Lem(u,n) = 0 mod m.
u = u? mod m.

Proof. Let ¢, is a ring homomorphism we need show :

Lem(u,n) =0 mod m.
u = u? mod m.

Since ¢, is a ring homomorphism then u=¢, (1) = ¢, (1%) = (¢,(1))* = u?. Therefore, u = u?.
Suppose m { lem(u,n) and since u = u? then m { lem(u?,n). Hence, m {un : u € Z,,. This
is contradiction because ¢ is a ring homomorphism. Therefore, Lem(u,n) = 0 mod m.
Conversely, let a,b € Z,, then ¢,(a +b) = (a + b)u = ua + ub = ¢y (a) + ¢u(b). Second
let a,b € Z, such that ab = ng + r,where,0 < r < n then ¢,(ab) = u(ng +r) = u?(ng +
r) = u’ng + u*r = u?(ab — nqg) = u?(ab) = ua - ub = ¢,(a)d,(b). Therefore, ¢, is a ring
homomorphism. ]

Example 3.6. A function ¢ : Z19 — Zsg with phi(x) = 10z is ring homomorphism. Note
that Lem(10,12) = 60. and 100 = 10 mod 30.

Lemma 3.7. The number of ring homomorphism ¢ : Z, — Z,, less than % such that
ged(n,m) > 1

Proof. Since the solutions in < k = ¢ >= {kr : r € Z,,} As you can see in the Figure(1).
The number of ring homomorphism less than | < ¢ > |, that means

m m _ ged(n,m)
ko mgcdkn) — ged(n, k)
ged(n,m)
Therefore, ggiccll({:z’fg)) -t = m. Then the number of ring homomorphism less than gg CCC;((Z;Z)). O

Volume-9 | Issue-1 | March, 2023 3



EPH - International Journal of Science And Engineering ISSN: 2454 - 2016

Figure 1: generated by t

Example 3.8. In ezample 3.6, we have < k = 5 >= {0,5,10,20,15,25}, it’s clearly that,
30 ged(12,30) 6

then the number of ring homomorphism less than &= = “ged(i25) =
Lemma 3.9. If ged(n,m) = 1, then the number of ring homomorphism ¢ : Z, — Z,, is one
ring homomorphism

Proof. By Theorem(3.5) Lem(a,n) = 0 mod m. Since ged(n,m) = 1, then the solution is
a = 0 that means there is one ring homomorphism (trivial ring homomorphism) ¢q. ]

Theorem 3.10. Let ¢ : Z,, — Z,,, such that ¢, and ¢y are ring homomorphism, then
Pg © Pp = ¢ 1S a TiNG homomorphism.

Proof. Let ¢ : Z,, — Z, with ¢(x) = ax and there are two ring homomorphism ¢, and ¢,
such that ¢4(z) = az, ¢p(x) = bx then (¢q 0 ¢dp)(x) = ¢c(x) = abxr, By Theorem (3.5), since
Lem(a,n) = 0modm  and Lem(b,n) = 0mod m then Lem(ab,n) = 0 mod m. Since
a = a*modm and b = b*> mod m,then ab = a*h*> = (ab)? mod m. Thus ¢, is a ring
homomorphism. ]

As seen in Theorem 3.5 and you have provided examples. It can be difficult to say whether
u? = v mod m is true, especially when dealing with large numbers. Therefore, we will focus

on this part to find a solution to the problem.

Theorem 3.11. Let ¢ be a ring homomorphism from a ring R to a Ting S. Then For any
r € R and any positive integer n, ¢(nr) = no(r).

Proof. Let ¢ be a ring homomorphism from R — S. Hence,

ler-r.. )=o) =0o(r)o(r)p(r)... ¢(r) =ne(r).

~~

n—times

n—times
Thus ¢(nr) = ne(r). O

Corollary 3.12. Let ¢ be a ring homomorphism from R — S. Hence, ¢p(—r) = —¢(r) : Vr €
R.

Volume-9 | Issue-1 | March, 2023 4



EPH - International Journal of Science And Engineering ISSN: 2454 - 2016

Corollary 3.13. ¢4 : Z — Zpm, ¢(x) = ax is a ring homomorphism then a(n — 1) = —a,
where VYa € Z,,.

In Theorem 3.5, It is easy to find solutions of Lem(a,n) = 0 mod m. But not easy to
find solutions of a? = @ mod m. We know that if ¢ is a solution of Lem(a,n) = 0 mod m and
a® = a mod m, then t = a is a solution of Lem(a,n)+a = 0+a? mod m. Thus t is a solution

of Lem(a,n) 4+ a = a® mod m. Therefore,

a-n+a-ged(a,n) — 22 mod m

ged(a,n)

a-n+a-ged(a,n) —a®- ged(a,n)

ged(a,n) = 0mod m

k(n + gcd(a,n) —a - ged(a,n)) = 0 mod m
k(n+ ged(a,n) +a(n — 1) - ged(a,n)) = 0 mod m
k-n-+k-ged(a,n)+k-a(n—1)-ged(a,n) =0 modm
ged(a,n)(k+k-a-n—a-k)=0modm
k- gcd(a,n)(1 —a) =0modm
Therefore, a = t is a solution of k - ged(a,n)(1 —a) = 0 mod m, Vt = a € Z,,.

Theorem 3.14. The mapping is ¢ : Z,, — Zy, such that ¢(x) = ax : a € Zy,, is a ring
homomorphism if and only if

Lem(a,n) =0 mod m.
k-ged(a,n)(1 —a)=0modm : k= W -gcd(m,n).

Example 3.15. Let ¢ : Zigr6 — Zaoe with ¢(x) = ax. Note that lem(u,1976) = 0 mod
2022.k = % = 1011, and gcd(1011,1976) = 1. Hence, < 1011 >= {1011 -7 : 0 <
r < 2} Therefore, the solutions of lem(u,1976) = 0 mod 2022 are{0,1011}. Now must we
check By k - ged(a,n)(1 — a) = 0 mod m.

(1011) = 1011 - ged(1011,1976)(1 — 1011) = 0 mod 2022 = 2022 - —505 = 0 mod 2022. Thus,
¢1011 is Ting homomorphism. Therefore, the ring homomorphism are {¢o, ¢1011}-

Corollary 3.16. The mapping is ¢ : Zy, — Zp,, such that ¢(z) = ax : a € Zy, 1S a Ting
homomorphism if and only if

kla and k - ged(a,n)(1 —a) =0mod m : k = —"— gcd(gch n).

ged(n,m) ’ (n,m)’

Corollary 3.17. The mapping is ¢ : Zy, — Zp, such that ¢(x) = ax : a € Zy, is a Ting
homomorphism if and only if

kla and ged(a,n)(1 —a) =0mod * : k = gcd@m) -gcd(gcd@,m),n).
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Example 3.18. Let ¢ : Z1g9s — Zssee0 with ¢(x) = ax. Note that lem(u,1998) = 0 mod
45660.k = - rrrossen) * 9¢ Geaross tsaany 1998) = 15220. Hence, < 15220 >= {15220 - r :
0 < r < 3} Therefore, the solutions of lem(u,1998) = 0 mod 45660 are{0, 15220, 30440}.
Now must, we check By k - gcd(a,n)(1 —a) = 0 mod m.

(15220) = 15220 - ged(15220,1998)(1 — 15220) = 0 mod 45660 = 45660 - 2 - —5073 = 0 mod
45660. Thus, ¢15000 s ring homomorphism.

(30440) = 15220 - ged (30440, 1998)(1 — 30440) = 0 mod 45660 = 45660 - 2 - —30139 Z 0 mod

45660. Thus, ¢15000 is not ring homomorphism. Therefore, the ring homomorphism are

{0, d15220}-
Example 3.19. Let ¢ : Zg — Zg with ¢(x) = ax. Note that

lem(u,6) = 0 mod 6.k =

- ged( 6) =1.

6 6
gcd(6,6) gcd(6,6)’

Hence, < 1 >= {1-r : 0 < r < 6} Therefore, The solutions of lem(u,6) = 0 mod 6
are{0,1,2,3,4,5}. Now must, we check By k - ged(a,n)(1 —a) = 0 mod m.

(1) 1-gcd(1,6)(1 —1)=0mod6=1-1-0=0mod 6. Thus, ¢1 is ring homomorphism.
(2) 1-ged(2,6)(1
(3) 1-gcd(3,6)(
(4) 1-ged(4,6)(
(5) 1-gcd(5,6)(1—5) =0mod 6 = 1-1-—4 # 0 mod 6. Thus, ¢5 is not ring homomorphism.

—2)=0mod 6 =1-2-—1 #£ 0 mod 6. Thus, ¢2 is not ring homomorphism.
—3)=0mod6=1-3--2=0mod 6. Thus, ¢3 is ring homomorphism.

1-3
1-4)=0mod 6=1-2--3=0mod 6. Thus, ¢4 is ring homomorphism.

Therefore, the ring homomorphism are {¢po, 1, 3, da}.

Corollary 3.20. The mapping is ¢ : Zy — Zny such that ¢(x) = ax : a € Zy, is a Ting
homomorphism if and only if

k-a?=a mod ged(m,n), such that a =k -a. and o € Zged(mm)-

4 Determining a ring homomorphism by modified method

Now Let ¢ = pi* - p3® - p§°... - pii» consider that from Corollary 3.17 Since multiplying two

numbers. Hence the number of solutions is 27 such that § < n. But from Lemma 3.7 the

number of rings homomorphism less than M and then we have 28 < dlnm) = gineq
ged(m.F) ged(n.F)

there is trivial homomorphism ¢g. Therefore, 0 < 28 < % — 1, such that 8 < n. We
have proved the following theorem.

Theorem 4.1. The number of ring homomorphisms from ¢ : Zn, — Zy, such that ¢(x) = ax
Va € Zy, is 2" where Jt = pi*... - pir.

Proof. By Corollary 3.16 and Theorem 4.1 that means the number of ring homomorphisms
is 2" where 7t = p{*... - pon. O
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Corollary 4.2. The number of ring homomorphisms from ¢ : Z, — Z, such that ¢(z) = ax
Va € Zy, is 2" where m = p{*... - pir.

Proof. Clearly, it is a special case when k = 1.Hence, By Corollary 3.16 and Theorem 4.1
that means the number of ring homomorphisms is 2" where m = p{*... - p2». O]

According to Gallian and James [5], a ring homomorphis f : Z,,, — Z,, is uniquely determined
by the conditions:m f(1) = 0 and f(m) = f(1). They stated that in order to find how many
ring homomorphisms are there inZ,, into Z,, , one has to count the number of elements of
the set {e € Z, : €2 = e, me = 0}.

If r = k(modm) where 0 < k < m , then r = mt + k for some t € Z. If f is a ring
homomorphism f(r) = f(mt + k)

r=emt+ek. So emt=0, em=me=0 and er = ¢ek.

2 2

Again f(rira) = f(r1)f(ra), erire = (eri)(ere) = e*rire and e = e*, i.e. e is idempotent.

For me = ne = 0(modn) and we only check for e = e.

Example 4.3. To determine the number of homomorphisms in:

(1) f : le — Zgg.
We have m =12, n =28, e € Zyg, 0 = me = 12e in Zyg. Iff 28|12e iff Tle. So, f(1) €
{0,7,14,21}. Only 0 and 21 are idempotent in Zsg. Thus there are 2 homomorphisms
from Zis to Zis.
Alternatively,
e € Zag whose idempotent elements are {0,1,8,21}. Thus e € {0,1,8,21} me = 0.e =
{0,8}, thus there are 2 homomorphisms in f : Z1s — Zog.

(2) f:Z12 — Zso.
We have m =12, n =30, e € Z3y whose idempotent elements are {0, 1,6, 10,15,
16,21,25} me = 0.e = {0, 10, 15,25} thus there are 4 homomorphisms in f : Z1o — Zsp.

(3) f : Z16 — ZQ().
We have m = 16, n = 20. Idempotent elements of Zsy are {0,1,5,16}, e € {0,1,5,16}
me =0, e={0,5} thus there are 2 homomorphisms in f : Zig — Zap.

Einstein [10] on the other hand dealt with finding the number of homomorphisms from a finite
field into a ring Z,, . He stated that the only kernels of a ring homomorphism. ¢ : FF — R
are 0 and F' itself, hence there are 2 homomorphisms i.e. 0 map and the identity map. He
goes on to explain that they may be less than 2 e.g. in the case where F = F? and R has an
odd order. He further states that they may be more than 2 e.g. in the case where F alone
already has a few automophisms or R contains several copies of F.

Holt and Ischwieb [11] states that there can just be the trivial homomorphisms as is the case
in F — Z, or there could be many ring homomorphisms as it is the case with F? — [[52, F2.
They then concluded that there is not a uniform answer for all pairs of fields and rings but
it depends on what one wants to get from the homomorphism. Samuel [12] states that, if 1
is mapped onto 1, we can evoke the fact that Z[z] is the free commutative ring with unity
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on the set [z] and x can be sent to anything. He cited Z[z] — Z12 as an example, where
he stated that there are 12 possible homomorphisms with 1 mapped to 1. However, he says
that there exists a homomorphism where 1 is not mapped to 1. The important thing is that
f2)f(x) = f(x). If f(1) =0, then f(z) = 0. He concluded that if f(1) =4, f(z) =38, and
if f(1) =9, then f(z) =0,3,6 or 9. Thus, there are 8 additional possible homomorphisms.
To get this, he stated that one has to find the values of y such that f(1)y = y. .

Theorem 4.4. Let fi(x), f2(x), ..., [r(x) be polynomials with integral coefficients, and for
any positive integer m, let N(m) denote the number of solutions of the system of congruences

fi(x) =0 mod m,

fa(x) =0 mod m,

fr(z) =0 mod m.

If m = myma where (my,ma) = 1, then N(m) = N(m1)V(m2). If m = [[P* is the
factorization of m, then N(m) =[] N(P?).

Proof. Suppose that € Z,,. If fi(x) =0 mod m, fa(x) =0 mod m,---, fr(x) =0 mod m,
with m = mymg, then fi(z) = 0 mod myi, fao(z) = 0 mod my, -, fr(x) = 0 mod m;.
Let a; be the only member of Z,,, for which z = a; mod m;. It follows that fi(a;) =
0 mod my, fa(a1) = 0 mod my,---, fr(a1) = 0 mod mi. Similarly, there is only one ag €
Zm, such that z = ag mod ma, and fi(a2) = 0 mod ma, fa(az) = 0 mod ma,-- -, fr(az) =
0 mod msa. Thus, for each solution of the system of congruences modulo m we have a pair
(a1,a2), in which ai is a solution of the system of congruences modulo m;, fori = 1;2.
Suppose now that m = mjmsg, where (mj,me) = 1, and that for i = 1,2, the numbers
a; € Zp, are such that fi(a;) =0 mod m;, fa(a;) =0 mod my,- -, fr(a;) =0 mod m;. By
the Chinese Remainder Theorem, there is only one x € Z,, such that x = a; mod m;, for i =
1,2. Then we conclude that f;(x) =0 mod m, i = 1;--- , k. We have now established a one-
to-one correspondence between the solutions z of the system of congruences modulo m and
the pairs (ap,a2) of solutions of the system of congruences modulo m; and ms. Hence,
N(m) = N(mq)N(msz). Repeatedly applying this to the prime factorization of m, we obtain
the second assertion of the theorem. O

Theorem 4.5. For any ring homomorphism ¢ : R — S , the ker ¢ is an ideal.

Proof. Let ri,7r9 € kerg, r € R, ¢(r1) = ¢(r2) =0, ¢(r1 —ra) = ¢(r1) —d(r2) =0—-0=0
and ¢(r11m2) = ¢(r1)P(ra) = ¢(r) = 0 = 0. Thus r1 — ro, rry, rir € kerd and kerd is an
ideal. ]

Theorem 4.6. If I is an ideal of R , then the map @ : R — R/I denoted by w(r) =
r+1 is an epimorphism of rings with kerm = 1.

Proof. Let r1,79 € R, m: R — R/I, n(r1) =r1 + 1, w(re) = ro+ 1 and and 7(ry + r2) =
7w(r1) + mw(re). w(rire) = w(ry)m(re). O
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Theorem 4.7. Ifn € P* | the only homomorphism ¢, : Zn — Z,, are the trivial homomor-
phism ¢g and ¢1, P is a prime.

Proof. Let m € Z, such that m? = m(mod n). Then m?> —m = 0, m(m —1) = 0, m =
0m—1=0, m=1mand (m— 1) are relatively prime. Hence either P*¥ | m or P¥ | (m —1).
Since 0 < m < P¥ = n, P* does not divide m and P* does not divide (m — 1). E(n) =
{0,1}, o(n) = 2, meaning there are 2 homomorphisms from ,, to Z, when n = P¥ ie. ¢
and ¢; are the only homomorphism. [

Theorem 4.8. Ifn = P1]€1P2k2 where p1 and ps are distinct primes, then there are 2° = 4
homomorphisms ¢m : n — n namely, é,0), $0,1), P(1,0)> P(1,1)-

Proof. Let n = PlklPQkQ, for all P, P> prime and ki, ke € Z,,.
E(n) = E(P{")E(Py?) = {(0,0), (0,1), (1,0), (1,1)(mod P{*,mod P;*)}
o(n) =o(PfM)o(5) =2x2=22=4.
Thus, there are 4 homomorphisms i.e.

?0,0), P(0,1)s P(1,0)> P(1,1)-

Theorem 4.9. [fn = Pf‘PQIQPf?’, then there are 23 homomorphisms ¢, : Zyn — Znp.

Proof. Let n = Plk”1 PQk”2 PfS, for all Py, Py, P3 are distinct prime numbers and kq, ko, ks € Z,,.
E(n) = E(P{")E(Py?)E(P;*) = {0,0} x {0,1} x {1,0} =
{(0,0,0),(0,0,1),(0,1,0),(0,1,1) x (1,0,0),(1,0,1),(1,1,0), (1,1,1)

(mod P, mod P52, mod P:f?’)}

o(n) = o(PM)o(Pi)o(Pi) =2x2x2=2% =8,

Thus, there are 8 homomorphisms. ]
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